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Abstrat
We desribe here what appears to be a new struture that is hid-
den in all asymptotially vanishing Maxwell elds possessing a non-
vanishing total harge. Though we are dealing with real Maxwell elds
on real Minkowski spae nevertheless, diretly from the asymptoti
eld one an extrat a omplex analyti world-line dened in omplex
Minkowski spae that gives a unied Lorentz invariant meaning to both
the eletri and magneti dipole moments. In some sense the world-
line denes a `omplex enter of harge' around whih both eletri and
magneti dipole moments vanish.
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The question of how and where does this omplex world-line arise is
one of the two main subjets of this work. The other subjet onerns
what is known in the mathematial literature as a CR struture. In
GR, CR strutures naturally appear in the physial ontext of shear-
free (or asymptotially shear-free) null geodesi ongruenes in spae-
time. For us, the CR struture is assoiated with the embedding of
Penrose's real three-dimensional null innity, I
+, as a surfae in a two
omplex dimensional spae, C2. It is this embedding, via a omplex
funtion, (a CR funtion), that is our other area of interest. Spei-
ally we are interested in the `deomposition' of the CR funtion into
its real and imaginary parts and the physial information ontained in
this deomposition.
1 Introdution
The vauum Maxwell equations have been with us for a long time and it
would appear unlikely that a potentially important or even interesting new
fundamental aspet of them would be found. Nevertheless that is our laim.
More speially, we have found what appears to be a new struture
hidden in all asymptotially vanishing Maxwell elds possessing a non-
vanishing total harge. Though we are dealing with real Maxwell elds on
real Minkowski spae nevertheless, diretly from the asymptoti eld one an
extrat a omplex analyti world-line that is `living' in omplex Minkowski
spae that gives a unied Lorentz invariant meaning to both the eletri and
magneti dipole moments. In some sense the world-line denes a omplex
enter of harge around whih both eletri and magneti dipole moments
vanish. Normally both dipole moments are dened either via harge and
urrent integrals at any one time in a given Lorentz frame − or are extrated
(also in a given Lorentz frame) from knowledge of the asymptoti elds. Their
values in another Lorentz frame are not obtained from their previous values
and thus they do not dene Lorentzian geometri quantities. We however
will see that both dipole moments an be found diretly from the omplex
world-line in any Lorentz frame.
The question of how and where does this omplex world-line arise is one
of the two main, but losely related, subjets of this work.
The other subjet onerns a ertain (pure) mathematial struture, known
as a CR struture, that has naturally appeared in the physial ontext of
shear-free (or asymptotially shear-free) null geodesi ongruenes in spae-
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time. For us, the CR struture is assoiated with the embedding of Penrose's
real three-dimensional null innity, I
+, as a surfae in a two omplex dimen-
sional spae, C
2. It is this embedding, whih involves the use of a omplex
funtion, a CR funtion, that is our other area of interest. More spei-
ally we are interested in the `deomposition' of the CR funtion into its real
and imaginary parts and the physial information ontained in this deom-
position. We mention now and disuss later how every asymptotially at
Maxwell eld, with non-vanishing harge, indues a CR struture on I
+
.
It has been known for a long time in the relativity ommunity that shear-
free null geodesi ongruenes play an important role in general relativity[1,
2, 3℄ and Maxwell theory[4, 5℄. Penrose's twistor theory had its origins lose
to the study of suh ongruenes. Though it is diult to argue from a
priori knowledge that this should be true, nevertheless from many exam-
ples and theoretial disoveries, the importane does beome easy to see.
For example, many of the most important exat solutions of the vauum
Einstein or Einstein-Maxwell equations possess a degenerate priniple null
vetor eld that is both geodesi and shear free, e.g., the Shwarzshild, the
Reissner-Nordstrom, the Kerr and Kerr-Newman metris. In eletrodynam-
is, the Coulomb, the null[4℄ and the Lienard-Wiehert {as well as the om-
plex Lienard-Wiehert[5℄} Maxwell elds have a priniple null vetor that is
tangent to a shear free null geodesi ongruene. From these observations one
was led to the more general issue of nding all Einstein metris that possess a
priniple null vetor eld that is shear-free and geodesi. This in turn led to
the disovery of the algebraially speial metris and the beautiful Goldberg-
Sahs theorem whih stated that the degenerate prinipal null vetors for
Einstein metris are always geodesi and shear free. In the study of suh
metris one of the very pretty mathematial disoveries was the automati
existene of an assoiated three-dimensional CR struture[6, 7, 8, 9, 10℄. In
the speial ase of asymptotially at algebraially speial metris, {or in
their at-spae limits} one ould hoose null innity, I
+, as the realization
spae of the CR manifold where a `portion' of the metri (oming from the
ongruene itself) denes the CR struture.
Our omplex world-lines arise from the speial lass of shear-free null
geodesi ongruenes that are `regular' in the neighborhood of future null
innity, i.e., I
+. By `regular' we mean that all the rays piere I+ and are
never tangent to it. Speially, we have the result[11, 12℄ that every regular
shear-free null geodesi ongruene in Minkowski spae is generated by a
omplex world-line in omplex Minkowski spae and every omplex world-
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line determines a CR funtion and struture.
We show that for every asymptotially at Maxwell eld there is a unique
regular (at I
+
) shear-free null geodesi ongruene whose tangent vetors
determine a null tetrad system at I
+
suh that the tetrad omponents of
the Maxwell eld have a vanishing eletri and magneti dipole moment. A
one-to-one relationship between the omplex world-line and the original pair
of dipoles is given.
Sine the material disussed here is far from the mainstream, setion II
will be devoted to an extensive preliminary disussion of null innity, shear
free null geodesi ongruenes and their relationship to CR strutures. In
setion III we show how the omplex world-line an be deomposed into a real
world-line with further real struture. In setion IV the relationship between
the Maxwell eld and the omplex world-line is desribed. In the onlusion,
setion V, we disuss how the ideas desribed here an be transferred to
asymptotially at Einstein and Einstein-Maxwell metris.
2 Preliminaries
2.1 Null Innity
We begin with a brief review of Penrose's null innity, I
+, the endpoints of
all future direted null geodesis for either Minkowski spae or for asymptot-
ially at spae-times. Though it was obtained, formally, by the onformal
ompatiation of the physial spae-time, the intuitive piture of the `spae'
of the future innity limit of the ane length of the null geodesis gives an
exellent piture for our purposes.
I
+
is a null three-surfae, S2xR, that is naturally oordinatized by the
`so-alled' Bondi oordinates[13℄, (u, ζ, ζ) where (ζ, ζ) are omplex stereo-
graphi oordinates on the sphere, S2, that label the null generators of I+,
while u labels the uniformly separated uts of I+. The freedom in the hoie
of Bondi oordinates is the so-alled BMS group. Though we will use an
arbitrary but xed Bondi oordinate system and not onern ourselves with
BMS transformations, our results are independent of the hoie of Bondi
frame.
With the Bondi oordinates there is a naturally assoiated null tetrad
system, (la, na, ma, ma): where la is the past null diretion normal to the u
onstant ut, at eah point of I
+, na is the tangent vetor to the generators of
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I
+
, while (ma, ma) are the (omplex) tangent vetors to the uts, u = const.
Often one nd use for a dierent oordinatization of I
+, referred to as NU
oordinates, where the generators keep the oordinates (ζ, ζ) but the sliing
is given by the relation,
u = G(s, ζ, ζ) (1)
where onstant s's yield arbitrarily spaed, S2, slies. An important speial
ase of Eq.(1) are the uts obtained from the one-parameter family of future
direted light-ones emanating from a given time-like world-line, say e.g.,
xa = ξa(s).
For eah point on I
+
there is the past sphere of all null diretions whih,
aside from the one diretion tangent to I
+, point `bakwards' into the spae-
time. Sine they form the sphere of null diretions, they an be labeled
by their own stereographi oordinates whih we will denote by L. If we
have a eld of past null diretions, they an be desribed by the `eld' of
stereographi angles, L(u, ζ, ζ). The diretion L(u, ζ, ζ) =∞ orresponds to
the diretion na while L = 0 orresponds to the diretion of the Bondi ray,
la.
2.2 Null Geodesi Congruenes
Sine one of our major items for investigation are null geodesi ongruenes
in Minkowski spae, we begin by giving an analyti desription of any arbi-
trary null geodesi ongruene, (with la as tangent vetor)[5℄ . Using xa as
standard Minkowski-spae oordinates, L(u, ζ, ζ) and r0(u, ζ, ζ) as arbitrary
omplex funtions of the `parameters' (u, ζ, ζ) whih label individual mem-
bers of the null geodesi ongruene and r as the ane parameter along eah
null geodesi, we nd that any null geodesi ongruene an be desribed by
xa = u(la + na)− Lma − Lma + (r − r0)la, (2)
ur =
√
2u, (3)
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with ur the retarded time, (t− r), u the Bondi time and the (ζ, ζ) dependent
null tetrad given by
la =
√
2
2P
(1 + ζζ, ζ + ζ, − i(ζ − ζ),−1 + ζζ); (4)
ma = ðla =
√
2
2P
(0, 1− ζ2,−i(1 + ζ2), 2ζ),
ma = ðla =
√
2
2P
(0, 1− ζ2, i(1 + ζ2), 2ζ),
na =
√
2
2P
(1 + ζζ,−(ζ + ζ), i(ζ − ζ), 1− ζζ),
ta =
la + na√
2
, (5)
P = 1 + ζζ. (6)
The optial parameters[14℄, i.e., the omplex divergene ρ, the omplex
shear σ and the twist Σ, are given by
ρ =
iΣ− r
r2 + Σ2 − σ0σ0 (7)
σ =
σ0
r2 + Σ2 − σ0σ0
with
σ0 = ðL+ LL,u (8)
2iΣ = ðL+ LL,u− ðL− LL,u . (9)
The funtion r0 has been hosen as
r0 = −1
2
(ðL+ LL,u+ðL+ LL,u )
in order to simplify ρ by hoosing an origin for the ane parametter r.
We thus see that the optial parameters are determined by the hoie of
L(u, ζ, ζ).
Our main interest lies in the lass of regular null geodesi ongruenes
with a vanishing shear. This ondition is ahieved by rst imposing the
shear-free ondition on L, i.e., that L satisfy the dierential ondition[15℄,
ðL+ LL,u = 0 (10)
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whih leads immediately to
ρ =
iΣ− r
r2 + Σ2
= − 1
r + iΣ
. (11)
There are two immediate remarks to be made:
Remark 1. From Eq.(11) we see that the austi set of the ongruene is
determined by the onditions, r = 0 and Σ(u, ζ, ζ) = 0.These two onditions
dene two three-surfaes in Minkowski spae. If these onditions are put into
Eq.(2) we have the expliit parametri desription of the austi set in terms
of the Minkowski xa.
Remark 2. The seond remark is of the utmost importane. We stress
that the omplex funtion L(u, ζ, ζ) used to determine the null geodesi on-
gruene beomes, in the limit of r → ∞, i.e., as the geodesis approah I+,
the omplex stereographi eld desribed in the previous subsetion and the
geodesi parameters (u, ζ, ζ) beome the Bondi oordinates of I+.
2.3 Regular Shear-free Congruenes
Though any solution to Eq.(10) determines a null geodesi ongruene, we
onsider only the `regular' ones. `Regular' means an L(u, ζ, ζ) that has no
innities, i.e. the L(u, ζ, ζ) does not ontain any diretions that are tangent
to I
+. The regular ongruenes are obtained in the following manner:
We introdue the omplex funtion
τ = T (u, ζ, ζ) (12)
via solutions to
ðT + LT,u= 0. (13)
(T is a CR funtion whih, with ζ˜ = ζ, endows I+ with a CR struture. See
the appendix for a brief disussion of CR strutures.)
Diret substitution of
L (u, ζ, ζ) = − ðT
T,u
(14)
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into Eq.(10) does not simplify it at all. However if we analytially extend
u into the omplex domain in Eq.(12) and reverse the point of view and
formally treat τ as the independent variable instead of u, so that when
Eq.(12) is rewritten impliitly as
u = X(τ, ζ, ζ), (15)
a huge simpliation ours.
Remark 3. It must be emphasized that though we are onerned with
real values of u, due to the assumed analytiity of our expressions, Eq.(15 )
allows for omplex values of u. Later in this setion we will nd those values
of τ that yield real values of u.
Dierentiating Eq.(15) we have
1 = X,τ (τ, ζ, ζ) T,u , (16)
0 = Xτ (τ, ζ, ζ)ðT + ð(τ)X,
{ð(τ) means the edth derivative holding τ onstant rather than holding u
onstant} so that
L = − ðT
T,u
= ð(τ)X. (17)
Using Eqs.(17) and (16), Eq.(10) beomes the easily integrable equation
ð
2
(τ)X = 0 (18)
whose general regular solution has the form
u = X(τ, ζ, ζ) =
α(τ) + β(τ)ζ + β(τ)ζ + γ(τ)ζζ
1 + ζζ
. (19)
In terms of a spherial harmoni expansion of X(τ, ζ, ζ), this expression
involves just the (l = 0, 1) terms with the four oeients given as arbitrary
omplex analyti funtions of τ. Note that the four omponents of la(ζ, ζ)
are linear ombinations of the four (l = 0, 1) harmonis whih leads to the
onise (and useful) expression,
u = X(τ, ζ, ζ) = ξa(τ)la(ζ, ζ) (20)
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whih impliitly determines
τ = T (u, ζ, ζ). (21)
From this and Eq. (17), we see that the regular solutions to the Eq.( 10)
are given in the parametri form
u = X(τ, ζ, ζ) ≡ ξa(τ)la(ζ, ζ), (22)
L(u, ζ, ζ) = ð(τ)X(τ, ζ, ζ) = ξ
a(τ)ma(ζ, ζ).
{One must be ertain that V ≡ ∂τX = ∂τξa(τ)la(ζ, ζ) = va(τ)la(ζ, ζ) is
dierent from zero for those values of τ that yield real values of u.}
Aside from this weak ondition we have: An arbitrary omplex world-line
in omplex Minkowski spae determines a shear-free null geodesi ongruene
that is regular at I
+.
For later referene we also ompute the twist sine it adopts a very simple
form when expressed in terms of X and X .
Starting from Eq.(9),
2iΣ = ð(u)L+ LL,u− ð(u)L− LL,u .
and using the following useful identity
ð(τ,τ)ð(τ,τ)X = ðτL = ðuL+ L,u ð(τ)X = ð(u)L+ LL,u ,
and its .., one an write Σ as
2iΣ = ð(τ,τ)ð(τ,τ)(X −X) = (ξa(τ)− ξa(τ)) (na − la) , (23)
Remark 4. For any given τ = T (u, ζ, ζ), we see that
τ ∗ = Φ(τ), (24)
with arbitrary analyti Φ(τ), yields the same L, sine
ðτ ∗ = ∂τΦ · ðτ (25)
τ ∗,u = ∂τΦ · τ,u
and
L = − ðT
∗
T ∗,u
= − ðT
T,u
.
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This freedom in the hoie of τ, whih will be very useful later, is referred
to as the `regauging' of τ . This is a well-known feature of CR funtions.
Though we ould have loally introdued Φ as an arbitrary funtion of both
τ and ζ, this would have introdued angular singularities.
Remark 5. When the world-line is given as a real funtion of a real
variable, then the twist vanishes, i.e., Σ = 0, and the austi set is simply
the real world-line.
Remark 6. It should be emphasized that muh of the material of this
setion is not new. It has been developed by many workers and has appeared
in many versions. For example, nding solutions to Eq.(10) was a speial ase
of an early result in Penrose's Twistor theory[16℄ and is often referred to as
a speial ase of the Kerr theorem.
3 Real Strutures from the CR Struture
3.1 Exat Real Informtion
In this setion we will extrat real information from the omplex CR funtion
τ = T (u, ζ, ζ). More speially we will obtain a real Minkowski world-line
with a ertain real struture attahed to the line. Later we will see that this
attahed struture an arry physial information.
The diulty with this extration proess lies in the gauge freedom,
Eq.(24),
τ => τ ∗ = Φ(τ) (26)
where Φ(τ) is an arbitrary omplex analyti funtion. We wish to nd a
anonial hoie for τ and thus eliminate this gauge freedom. We rst note
that if the Taylor series for a funtion of τ has omplex (or real) oeients
we will refer to it as a omplex (or real) analyti funtion. To nd the
anonial hoie we take advantage of a further struture that is available,
namely the Minkowski spae norm that is applied to the omplex veloity
vetor of the world-line, i.e., to
va = ξa,τ (τ) ≡ ξa ′(τ).
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The argument requires two stages. Using the gauge freedom, Eq. (26), the
veloity vetor transforms as
v∗a = ξa,τ∗ (τ
∗ ) = [Φ(τ)′]−1ξa′ = [Φ(τ)′]−1va,
so that the Minkowski norm v2 = ηabv
avb transforms as
v∗ 2 = [Φ(τ)′]−2v2.
By hoosing
Φ(τ) =
∫ τ √
v2(τ ′)dτ ′ (27)
we have a omplex v∗a with a unit norm. The next stage, after dropping
the (
∗
), is to write v a(τ) = v aR(τ) + iv
a
I (τ) where both v
a
R(τ) and v
a
I (τ) are
real analyti vetors, i.e. both have Taylor series with real oeients and
are orthogonal to eah other. The purpose of introduing the gauging with
Eq.(27) was to allow the deomposition of v a(τ) into its orthogonal `real'
and `imaginary' parts. Any further real analyti regauging preserves this
deomposition. Finally, by performing a new gauge transformation τ ∗ =
Θ(τ), with the funtion Θ(τ) restrited to real analyti, we introdue our
anonial hoie of τ (again dropping the *) by hoosing the `real' veloity
vetor, v aR(τ), to have a unit norm, ηabv
a
R(τ)v
b
R(τ) = 1. τ is thus uniquely
determined up to the hoie of an additive onstant.
Remark 7. It is easy to see from the fat that now ηabv
a(τ)v b(τ) though
no longer equal to one, is still a real analyti funtion of τ from whih it fol-
lows that ηabv
a
R(τ)v
b
I (τ) = 0.
Using this anonial hoie of τ we write it as τ = s+ iλ and deompose
our omplex funtions into their real and imaginary parts. Speially we
write the CR funtion T (u, ζ, ζ) and inverse X(τ, ζ, ζ) as
τ = s + iλ = T (u, ζ, ζ) = TR(u, ζ, ζ) + iTI(u, ζ, ζ) (28)
u = X(τ, ζ, ζ) = XR(τ, ζ, ζ) + iXI(τ, ζ, ζ) (29)
= XR(s+ iλ, ζ, ζ) + iXI(s+ iλ, ζ, ζ)
where TR, TI , XR and XI are all real analyti funtions, s and λ are real vari-
ables and (u, ζ, ζ) are the `real' oordinates of real I+. One has immediately,
from Eq. (28), that
s = TR(u, ζ, ζ)
λ = TI(u, ζ, ζ).
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However, sine we know the detailed form X(τ, ζ, ζ) = ξa(τ)la(ζ, ζ), it is
more useful to work with Eq.(29). We deompose ξa(τ) as
ξa(τ) = ξaR(τ) + iξ
a
I (τ)
or
ξa(τ) = ξaR(s+ iλ) + iξ
a
I (s+ iλ).
Our goal is to write ξa(τ) as
ξa(τ) = χa(s, λ) = χaR(s, λ) + iχ
a
I (s, λ) (30)
=
∑ 1
(2n)!
f2n(−1)nλ2n + i
∑ 1
(2n+ 1)!
f2n+1(−1)nλ2n+1
where χaR(s, λ) and χ
a
I(s, λ) are real funtions. This is easily aomplished
by expanding both ξaR(s + iλ) and ξ
a
I (s + iλ) in a Taylor series in iλ and
regrouping the terms, i.e.,
ξaR(s+ iλ) = Σn
(−1)n
(2n)!
ξ
a (2n)
R (s)λ
2n + iΣn
(−1)n
(2n+ 1)!
ξ
a (2n+1)
R (s)λ
2n+1
(31)
iξaI (s+ iλ) = iΣn
(−1)n
(2n)!
ξ
a (2n)
I (s)λ
2n − Σn (−1)
n
(2n+ 1)!
ξ
a (2n+1)
I (s)λ
2n+1
ξa(τ) = Σn[
(−1)n
(2n)!
ξ
a (2n)
R (s)λ
2n − (−1)
n
(2n+ 1)!
ξ
a (2n+1)
I (s)λ
2n+1
(32)
+i{ (−1)
n
(2n+ 1)!
ξ
a (2n+1)
R (s)λ
2n+1 +
(−1)n
(2n)!
ξ
a (2n)
I (s)λ
2n]
so that we have
ξa(τ) = χaR(s, λ) + iχ
a
I (s, λ) (33)
χaR(s, λ) = Σn[
(−1)n
(2n)!
ξ
a (2n)
R (s)λ
2n − (−1)
n
(2n+ 1)!
ξ
a (2n+1)
I (s)λ
2n+1] (34)
χaI (s, λ) = Σn[
(−1)n
(2n + 1)!
ξ
a (2n+1)
R (s)λ
2n+1 +
(−1)n
(2n)!
ξ
a (2n)
I (s)λ
2n]. (35)
and
u = X(τ, ζ, ζ) = ξa(τ)la(ζ, ζ) (36)
= χaR(s, λ)la(ζ, ζ) + iχ
a
I (s, λ)la(ζ, ζ)
= χR(s, λ, ζ, ζ) + iχI(s, λ, ζ, ζ).
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For real values of u we have the impliit equation for the determination of λ,
i.e.,
χI(s, λ, ζ, ζ) = 0 (37)
or solving for λ,
λ = Λ(s, ζ, ζ). (38)
Denition In order to avoid the ambiguity of whether u is real or omplex,
in the following we will write uC for the omplex u.
Finally we see that the information ontained in the normalized omplex
world-line, ξa(τ), and the assoiated omplex uts, uC = ξ
a(τ)la(ζ, ζ), is
equivalently given by the family of real-uts of I
+,
u = χR(s,Λ(s, ζ, ζ), ζ, ζ) = χ(s, ζ, ζ) (39)
with the additional real struture λ = Λ(s, ζ, ζ) whih arries the `imaginary'
information that is `hidden' in the omplex world-line.
In order to nd the twisting null ongruene, (or rather the angle eld
L(u, ζ, ζ)) in this real version, we must apply the ð operator, holding both
(s, λ) onstant, rst to Eq.(36), i.e. to uC , and then eliminate the λ via
Eq.(38). This yields L as a funtion of (s, ζ, ζ).
Remark 8. If the ð operator is rst applied to Eq.(39) it leads to a
null geodesi ongruene that is not, in general, shear-free but is instead
twist-free. In other words it would be inorret to use
L∗(s, ζ, ζ) = ð(s)χR(s,Λ, ζ, ζ)
for the twisting shear-free angle eld. One must dierentiate rst before set-
ting χI = 0. On the other hand L
∗(s, ζ, ζ) is in its own right an interesting
angle eld.
The stereographi angle eld, L(u, ζ, ζ), is now given in terms of (s, ζ, ζ)
by
L(s, ζ, ζ) = ð(s,λ)χR(s, λ, ζ, ζ) + ið(s,λ)χI(s, λ, ζ, ζ), (40)
λ = Λ(s, ζ, ζ).
If wanted one ould nd L as a funtion of (u, ζ, ζ) by eliminating the s in
Eq.(40) via the inverse of Eq.(39).
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3.2 Approximating the real information
We an obtain a better understanding of the results of the previous subsetion
by onsidering λ to be small and look at only the rst order terms in λ in
the Taylor series. This leads to
ξa(τ) = χaR(s, λ) + iχ
a
I (s, λ) (41)
χaR(s, λ) = ξ
a
R(s)− ξa ′I (s)λ (42)
χaI (s, λ) = ξ
a
I (s) + ξ
a ′
R (s)λ (43)
or
uC = [ξ
a
R(s)− ξa ′I (s)λ]la + i[ξaI (s) + ξa ′R (s)λ]la. (44)
Eq.(37) implies that
[ξaI (s) + ξ
a ′
R (s)λ]la = 0
or
λ(s, ζ, ζ) = − ξ
b
I (s)lb
ξc ′R (s)lc
, (45)
so the real u, Eq.(39), to linear order is
u = ξaR(s)la + ξ
a ′
I (s)la
ξbI (s)lb
ξc ′R (s)lc
(46)
with
V = [ξa ′R (s) + ξ
a ′′
I (s)
ξbI (s)lb
ξc ′R (s)lc
]la + i[ξ
a ′
I (s)− ξa ′′R (s)
ξbI (s)lb
ξc ′R (s)lc
]la. (47)
We see Eq.(46) is an example of an NU sliing that was referred to earlier.
Though it is lose to the speial NU sliing that arises from the light-ones
emanating from a real world, xa = ξaR(s), the seond term is the obstrution.
The stereographi `angle', L, as a funtion of (s, ζ, ζ), is found by applying
ð to Eq.(44) and eliminating λ via Eq.(45) yielding
L(s, ζ, ζ) = {ξaR(s) +
ξbI(s)lb
vcR(s)lc
vaI (s) + i[ξ
a
I (s)−
ξbI(s)lb
vcR(s)lc
vaR(s)]}ma. (48)
We have used for the real unit Lorentzian veloity vetor
ξc′R(s) = v
c
R(s).
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Note that in the rest frame sine vcR(s) = (1, 0, 0, 0), we obtain
L(s, ζ, ζ) = {ξaR(s) + iξaI (s) +
√
2ξbI(s)lbv
a
I (s)}ma.
Remark 9. In the approximation expressions, Eqs.(45), (46) and (48)
we see that both the positions and veloities of the world-line appear at
eah value of s. If higher approximations were used, higher derivatives of the
world-line would appear. In other words the full information of the world-line
would be ontained in these expressions.
It is now a straightforward alulation to evaluate, in this linear approx-
imation, the twist, i.e., Eq.(9) or Eq.(23). Up to order λ, the expression for
Σ is given by
Σ(s, ζ, ζ) = (ξaI (s) + λ(s)v
a
R(s)) (na − la) = (ξaI (s)−
ξbI (s)lb
vcR(s)lc
vaR(s)) (na − la) .
(49)
In the rest frame this is an expression involving only the l = 1 spherial
harmonis with s dependent oeients. The vanishing of Σ is thus an
evolving s dependent topologial irle.
We thus have the theorem that the austi set for any regular shear-free
null geodesi ongruene in Minkowski spae that is suiently lose to the
shear and twist-free ase is SxR, i.e., a deformed irle moving in time. This
is simply a deformation of the irular austi set of the at-spae limit of
the harged Kerr metri.
4 Appliations to Maxwell Fields
4.1 Bondi Form of Maxwell's Equations
Before desribing the appliations of the shear-free ongruenes to Maxwell
theory, we rst review some elementary fats of Maxwell elds transformed
to the spin-oeient notation[17℄.
The Maxwell tensor is given in the spin-oeient notation by the three
omplex tetrad omponents
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φ0 = Fabl
amb (50)
φ1 =
1
2
Fab(l
anb +mamb)
φ2 = Fabm
anb.
The Bondi tetrad system (la, na, ma, ma) will, in the remainder, be de-
noted by (laB, n
a
B, m
a
B, m
a
B).
The Maxwell equations, written in a Bondi tetrad frame with Bondi o-
ordinates, yield the asymptoti behavior
φ0B =
φ00B
r3
+O(r−4) (51)
φ1B =
φ01B
r2
+O(r−3)
φ2B =
φ02B
r
+O(r−2).
The asymptoti omponents, φ00B, φ
0
1B, φ
0
2B, all funtions (u, ζ, ζ), satisfy the
evolution equations,
φ0 ·0B + ðφ
0
1B = 0 , (52)
φ0 ·1B + ðφ
0
2B = 0.
Though given arbitrary (harateristi data) φ02B(u, ζ, ζ) these equations an
be easily integrated, we will be interested only in the monopole and dipole
(eletri and magneti) terms, i.e., just the l = 0, 1 harmoni omponents.
This leads to the solution[18℄, with an arbitrary omplex three-vetor,
Zˆ i(u) = Zˆ i(
ur√
2
) ≡ Z i(ur) (53)
φ00B = 2qZˆ
iY 11i +H
(1)(l ≥ 2) (54)
φ01B = q + q(Zˆ
i)·Y 01i +H
(0)(l ≥ 2) (55)
φ02B = −q(Zˆ i)··Y −11i +H(−1)(l ≥ 2) (56)
Zˆ i(u)· =
√
2Z i(ur)
′
Zˆ i(u)·· = 2Z i(ur)
′′
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with qZ i(ur) being the omplex (eletri + i magneti) dipole moments. The
set (Y 11i, Y
0
1i, Y
−1
1i ) are, respetively, the l = 1 parts of the spin (1, 0,−1) tensor
harmonis[19℄. The (
·
) and (
′
) denote respetively the u and ur derivatives.
Remark 10. Often we enounter two funtions that are funtionally
idential but of dierent arguments, ur and s, e.g., Z
a(ur) and Z
a(s). To
denote dierentiation we will use prime (
′
) for either variable.
4.2 Transformed Maxwell Field
Under the following null rotation around naB (with L(u, ζ, ζ), for the moment,
an arbitrary angle eld) at I
+
la = laB −
L¯
r
maB −
L
r
maB +
LL¯
r2
naB +O(r
−3), (57)
ma = maB −
L
r
naB +O(r
−2),
ma = maB −
L¯
r
naB +O(r
−2),
na = naB (58)
the asymptoti omponents of the Maxwell eld transform as
φ00 = φ
0
0B − 2L φ01B + L2 φ02B, (59)
φ01 = φ
0
1B − L φ02B, (60)
φ02 = φ
0
2B. (61)
The asymptoti Maxwell equations, Eq.(52), beome
φ0·0 + ðφ
0
1 + 2L
·φ01 + Lφ
0·
1 = 0, (62)
φ0·1 + ðφ
0
2 + (Lφ
0
2)
· = 0. (63)
The angle eld L is then hosen so that la determines a regular shear-free
null geodesi ongruene, i.e., it has the form, from Eqs.( 22),
L(u, ζ, ζ) = ξa(τ)ma(ζ, ζ) (64)
u = ξa(τ)la(ζ, ζ).
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The omplex world-line is then determined from the Maxwell eld in terms
of the funtions Z i(u) by imposing the following ondition:
◮We require the new φ00 to have vanishing (omplex) dipole terms, i.e.,
the l = 1 harmonis of φ00, in Eq.(59), are required to vanish.
To exatly implement this ondition is very diult, if possible, needing
many Clebsh-Gordon deompositions and the use of the Taylor series for
ξa(s + iλ). To avoid this we will use several approximations: we keep only
the linear terms in λ from the previous setion, a slow motion expansion
(near the rest frame) for the veloity vetor of the real world-line ξaR(s) and
nally we treat all variables (exept q) as small and keep only quadrati
terms. Sine the veloity vaR(s) = ξ
a ′
R (s) has been normalized to one, we an
write
vaR(s) = (v
0
R(s), v
i
R(s))
v0R(s) =
√
1 + (viR)
2 = 1 + δv0R ≈ 1 +
1
2
vi2 + .. (65)
and hene, within this approximation sheme, we have from Eq.(46),
u = ξaR(s)la + ξ
a ′
I (s)la
ξbI (s)lb
ξc ′R (s)lc
u = ξaR(s)la +
√
2vaI (s)laξ
b
I (s)lb
ur =
√
2u = s− 1√
2
ξiR(s)Y
0
1i + 2v
a
I (s)laξ
b
I (s)lb
The omplex three-vetor, Z i(ur), expressed as a funtion of s, beomes
Zj(ur) = Z
j(s)− 1√
2
ξiR(s)Y
0
1iZ
j′(s).
The Eq.(59),
φ00 = φ
0
0B − 2L φ01B + L2 φ02B,
retaining only the l = 1 harmonis and negleting the L2 term, φ00[l = 1] = 0
beomes
0 = Zk(s)− ξkR(s)− iξkI (s)− ξ0I (s)ξk′I (s) + iξ0I (s)ξk′R (s) (66)
−ǫijk(1
2
iξiR(s)− ξiI(s)Zj′(s)) +
1
2
ǫijk(ξ
j
I(s)ξ
i′
R(s) + iξ
j
I(s)ξ
i′
I (s)).
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This equation an be solved by a simple iteration proess in either one of two
ways:
First assuming that the world-line ξk(s) is known, i.e., that
ξk(s) = ξkR(s) + iξ
k
I (s) (67)
is given, then the linear solutions for Zk(s) is
Zk(s) = ξkR(s) + iξ
k
I (s). (68)
This when substituted bak into Eq.(66) leads to
Zk(s) = ξkR(s) + iξ
k
I (s)− iξ0I{ξk′R (s) + iξk′I (s)}+
i
2
ǫijk{ξiR + iξiI}{ξj′R + iξj′I }
or with, ξ0I = v
a
Rξ
b
Iηab as orret to rst order, and adding in the time om-
ponents of ξa(s), we obtain a four dimensional expression
Za(s) = ξaR(s)+iξ
a
I (s)−i(vcRξbIηcb)[vaR(s)+ivaI (s)]+
i
2
ǫa.bcdv
d
R{ξbR+iξbI}{vcR+ivcI}
(69)
that an be used to dene relativistially the omplex (electric+ i magnetic)
dipole moments,
DaC(s) = qZ
a(s)
= q[ξaR(s) + iξ
a
I (s)− ivcRξbIηcb(vaR(s) + ivaI (s)) (70)
+
i
2
ǫa.bcdv
d
R{ξbR + iξbI}{vcR + ivcI}].
Alternatively, assuming that we have been given the Maxwell eld and
hene a known Zk(s), we an then solve Eq.(66) for the spatial part of the
world-line:
ξk(s) = Zk(s) + iξ0I (s)Z
k′(s)− iǫijk 1
2
Z i(s)Zj′(s). (71)
The time omponent of ξaR is determined from the unit normalization
while the time part of ξaI is determined, up to an arbitrary onstant, by
an integration oming from the orthogonality ondition vaI v
b
Rηab = 0. For
example, in the rest frame, i.e., when vbR = (1, 0, 0, 0), we would have that
v0I = 0 and that ξ
0
I = onstant.
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Remark 11. Though we do not have a simple argument for it, it seems
almost ertain to us that this onstant should be taken to be zero.
Remark 12. Note that the relations between the world-line, ξaR(s), and
the dipole moment qZ(s), depend not only on their instantaneous values but
also on their derivatives. If we had not used the severe approximation of
terminating the λ expansion and the slow motion assumption then the infor-
mation about their entire histories would appear in the relations.
The physial meaning of λ, from Eq.(45)
λ(s, ζ, ζ) = − ξ
b
I (s)lb
ξc ′R (s)lc
≈ −
√
2ξbI (s)lb (72)
is that it arries the full information about the imaginary part of the world-
line or, modulo q, about the magneti dipole moment.
5 Conlusion
As we pointed out in the introdution, our interest here onerned two related
issues - rst: the relationship between regular shear-free null geodesis in
Minkowski spae, its assoiated CR struture (or CR funtion) dened on
I
+
and a omplex world-line dened on omplex Minkowski spae and seond:
the relationship between the Maxwell elds and the deomposition of the CR
funtion into real and imaginary parts. After a anonial hoie was made
of τ, the CR funtion τ = T (u, ζ, ζ) and its inversion uC = X(τ, ζ, ζ) =
ξb (τ)lb(ζ, ζ) were written, with τ = s+ iλ, as
s = TR(u, ζ, ζ)
λ = TI(u, ζ, ζ)
and
u = χR(s,Λ(s, ζ, ζ), ζ, ζ).
λ = Λ(s, ζ, ζ)
with real (u, s, λ).
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We then saw that when the Maxwell eld was used to determine the
omplex world-line, the world-line, written as a funtion of the real ‘s', i.e.,
Eq.(67), was equivalent to knowledge of the eletri and magneti dipole
moment of the eld.
The question then arises: an the ideas desribed here - the deomposition
of the CR funtion and its relationship to physial quantities - be extended
to general relativity.
It appears lear to us that this an be done. In partiular, we should be
able to repeat the same basi arguments for all asymptotially at Einstein
or Einstein-Maxwell spae-times. Though it probably would be simpler to do
it for the algebraially speial spae-times ontaining a regular I
+, where we
would again have regular shear-free null geodesis and their assoiated CR
strutures and omplex world-lines, we ould also repeat it for all asymptoti-
ally at Einstein-Maxwell spae-times[12℄. In the latter ase, though there
are, in general, no shear-free null geodesi ongruenes, they an be replaed
by the asymptotially shear-free null geodesi ongruenes whih have most
of the same relevant properties as do the fully shear-free ongruenes. They
also dene a CR struture, that an be realized on I
+, ontaining a omplex
world-line (now dened on the assoiated H-spae). Again the CR funtions
an be deomposed into real and imaginary parts and the omplex world-line
reinterpreted as a real world-line whih arries with it a further real stru-
ture - with both the real world-line and the real struture having physial
meaning.
Though this work is still to be ompleted, it seems very likely that the
real world-line an be interpreted as desribing the motion of the enter of
mass of the total gravitating system[3℄ while the aompany real struture
ontains or denes the spin-angular momentum of the system.
The alulations that are needed to onrm these onjetures are rather
long and detailed so that as a preliminary step, to get perspetive, we are rst
doing the alulations for the speial ase where the shear-free ongruene is
also twist-free, a generalization of the Robinson-Trautman ase.
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7 Appendix
7.1 The CR Struture
An embedded CR manifold[16, 6, 7, 8, 9, 10℄ is a smooth real submanifold
embedded in C
n. The embedding funtions are referred to as CR funtions
while the intrinsi desription of the CR manifold is given by, what is referred
to as the CR struture, an equivalene lass (under a family of gauge trans-
formations) of one-forms. For us, we onsider the real three-dimensional I
+
as embedded in C
2.
The CR struture[6, 7, 8, 9, 10℄ arises in the following manner. We
begin with Bondi oordinates (u, ζ, ζ¯) on I+ and with a Bondi one-form
basis (n, l,m, m¯). The one-form n is the dual to the tangent vetor to the
generators of I
+
and l is dual to the vetors normal to the u = constant slies
of I
+, (m, m¯ are duals to the tangent vetors of the `slies', u = constant).
We then perform a null rotation around n of the form, Eq.(57),
l∗ = l +
L
r
m¯+
L¯
r
m+O(r−2), m∗ = m+
L
r
n+O(r−2), n∗ = n (73)
where L is a solution to the shear-free equation, Eq.(10),
ðL+ LL,u= 0.
We onsider the (regular)[11℄ solutions L = L(u, ζ, ζ¯) depending on an arbi-
trary omplex world-line, Eq.(22). The resulting dual one-forms on I
+
are
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(after a onformal resaling of m)
l∗ = du− L
1 + ζζ¯
dζ − L¯
1 + ζζ¯
dζ¯, (74)
m∗ =
dζ
1 + ζζ¯
, m∗ =
dζ
1 + ζζ¯
.
The three one-forms are a representative set of one-forms (up to the gauge
freedom) that dene the CR struture on I
+. The embedding is given by two
funtions, Ei(u, ζ, ζ¯) = (E1, E2), that satisfy the CR equation
ðEi + L∂uE
i = 0. (75)
Choosing (τ, ζ˜) as oordinates onC2, two independent solutions of Eq.(75),
(see Eq.(13)) are given by
τ = T (u, ζ, ζ¯) ≡ E1(u, ζ, ζ¯)
ζ˜ = ζ ≡ E2.
We saw earlier that τ = T (u, ζ, ζ¯) ould be obtained as the inverse funtion
to u = ξa(τ)la so that every omplex world-line denes a CR struture on
I
+
while every asymptotially vanishing Maxwell eld piks out a unique CR
struture.
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